Abstract. The aim of this work is to describe a recent result of
introduction
Let k a field of characteristic zero and R denote either the ring k[x 1 , ..., x n ] of polynomials over k or the ring k[[x 1 , ..., x n ]] of formal power series over k. [Ret06] , up to scalar multiples, these are only sets D of two commuting, nonsimple k-derivations such that both ∂ x ∈ D and R is D-simple. Motivated by this, we analyze this result in [Ret06] for R and then we propose some connections with known results on commutative bases of derivations in R. More precisely, the derivations ∂ x 1 , ..., ∂ x n−1 are not simple k-derivations of R; however, as will be shown, they can be part of a set D of n commuting, nonsimple k-derivations such that R is D-simple. A trivial example is D = {∂ x 1 , ..., ∂ xn }. Using the notations in [Now86] , we give a nontrivial commutative base containing only nonsimple k-derivations of the free R-module Der k (R) such that R is D-simple and, as a consequence of the ([Now86, Theorem 5.]), we obtain a family of locally nilpotent derivations.
commuting derivations and simplicity
Lemma 1. The set of all k-derivations of R that commute with ∂ x 1 , ...,
Proof. Is clear that all derivations of this form commute with the derivations ∂ x 1 , ..., ∂ x n−1 . For the converse, let
Let D = {δ 1 , ..., δ s } be any finite set of k-derivation of R that commute with ∂ x 1 , ..., ∂ x n−1 , but not necessarily each with other. By Lemma 1, each δ i is of the form
We denote by v n−1 (x n ) the greatest common divisor of q (n−1,1) , ..., q (n−1,s) . We have the following characterization for the simplicity of R.
Lemma 2. Using the notations above, R is D-simple if and only if
Proof. If all q (n−1,i) = 0, so all the k-derivation in D stabilize the nonzero ideal x n ; in this case, R is not D-simple. Then we assume that some q (n−1,i) = 0. If v n−1 (x n ) is not a unit, each δ i stabilize the nontrivial ideal v n−1 (x n ) . Therefore R is not D-simple.
Conversely, assume that v n−1 (x n ) is a unit and notice that, in this case, there are polynomials r i (x n ) such that
multiplicand by the inverse of v n−1 (x n ), we may assume that
Let I be a D-ideal. Then since I is stabilized by each δ i , I is stabilized by r i (x n )δ i , and, then, by the k-derivation
Therefore, I is stabilized by ∂ x 1 , ..., ∂ x n−1 and a k-derivation of the form
. Thus I is stabilized by ∂ x 1 , ..., ∂ x n−1 , ∂ xn and, then, we deduce that I must be a trivial ideal.
Note that until now we only assume that all the k-derivations commute with ∂ x 1 , ..., ∂ x n−1 , not that all elements commute with each other. Using the previous lemmas, the following theorem will show that if R is D-simple under a set D of commuting k-derivations that contains ∂ x 1 , ..., ∂ x n−1 , then R is simple under a subset of n commuting nonsimple k-derivations. 
If, in addition, R is D-simple, then v n (x n ) must be some nonzero scalar β and, also, some λ j is not zero. In this case, R is also simple under the subset
Proof. If either of the conditions is met, is clear that all k-derivations of D will commute.
Conversely, let D = {δ 1 , ..., δ m } be according to the hypotheses of the theorem. By Lemma 1, each δ i is of the form
If all q (n−1,i) (x n ) are zero, then the first case holds. So, without loss of generality, we assume that q (n−1,1) (x n ) = 0 and observe that:
Since δ i and δ 1 commute,
Then, this equation must also hold in the ring of fractions, hence we deduce that
In other words,
Then there is some λ i ∈ k such that q (n−1,i) (x n ) = λ i q (n−1,1) (x n ). Now, we observe that
Since δ i and δ 1 commute and both k[x n ] and k[[x n ]] are domains,
Then there is some c
Finally, doing the same argument for the other variables, we prove the desired result. Now we suppose, in addition, that R is D-simple. By Lemma 2, the greatest common divisor of q (n−1,1) (x n ), ..., q (n−1,m) (x n ) must be a unit. However, we have demonstrated that all the q (n−1,i) (x n ) are scalar multiples, then at least one of the q (n−1,i) (x n ) must be a unit, we assume that q (n−1,j) (x n ) is a unit. Since I is stabilized by
I must be trivial because, in this case, I is stabilized by ∂ x 1 , ..., ∂ x n−1 , ∂ xn . Therefore, R is {∂ x 1 , ..., ∂ x n−1 , p j (x n )∂ x 1 + q (1,j) (x n )∂ x 2 + ... + q (n−1,j) (x n )∂ xn }-simple which completes the proof. 
obtained by the previous theorem is a commutative base of Der k (k[x 1 , ..., x n ]). Thus, in particular,
However, this is easily verified since
Corollary 5. Let D a set of commute k-derivations of R such that R is D-simple and ∂ x 1 , ..., ∂ x n−1 ∈ D. Then, there exist d ∈ D and there exist elements f 1 , ..., f n ∈ R such that d(f n ) = 1 and d(f i ) = 0, for any i = 1, ..., n−1, so that R is {∂ x 1 , ..., ∂ x n−1 , d}-simple.
Proof. By the previous theorem, we know that there is d ∈ D of the form
such that R is {∂ x 1 , ..., ∂ x n−1 , d}-simple. Since β and λ j , in the theorem, are nonzero scalars, we denote f n = (λ j β) For the remainder of this note we assume that R is the ring k[x 1 , ..., x n ] of polynomials over k and {∂ x 1 , ..., ∂ x n−1 , d} is as in the previous theorem and also we recall the following definitions.
We recall from [No1994] that a k-derivation d of k[x 1 , ..., x n ] is called locally nilpotent if for each f ∈ R exists a natural number n such that d n (f ) = 0 and we say that a basis {d 1 , ..., d n } of Der k (k[x 1 , ..., x n ]) is locally nilpotent if every derivation d i is locally nilpotent for i = 1, ..., n.
We remember also that the Jacobian Conjecture states that if F = (F 1 , ..., F n ) is a polynomial map such that the Jacobian matrix is invertible, then F has a polynomial inverse (see [No1994] ).
Corollary 7. If the Jacobian Conjecture is true in R = [x 1 , ..., x n ], then {∂ x 1 , ..., ∂ x n−1 , d} is a locally nilpotent commutative base of the R-module Der k (R). In particular, d is a k-derivation locally nilpotent.
Proof. The proof is immediate consequence of the ([Now86, Theorem 5.]).
Question 8. A ring is called w-differentially simple if it is simple relative to a family with w derivations. Since Der k (R) is a free R-module, we know that R is dim(R)-differentially simple. However, this is not the smallest w for which such a ring can be w-differentially simple (see [LC13] ). Thus, one may ask: what is the smallest positive integer w = 1 such that R is w-differentially simple and all w derivations commute?
